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LECTURE 28

Line integrals |

28.1 Introduction to line integrals

We consider the problem of finding the mass of a very thin wire whose linear density
function (mass per unit length) is known.
We model the wire by a smooth curve C between two points P and Q in 3D; see

Figure 28.1.

Figure 28.1: A wire modeled a curve C between points P and Q.

Let f(x,y,2) denote the corresponding value of the density function at a point
(x,y, z) on the curve in space.

In order to find the mass of the wire, we proceed as follows

1



2 LECTURE 28. LINE INTEGRALS 1

* Divide C into n small sections using succession of distinct partition points

p:PO»Pl»PZ»"’,Pn—l,Pn:Q~

A, BU0iLyZ)

Figure 28.2: Partitioning of the wire into n small arcs.

o Let AM; denote the Mass of the k'”* section and Asy. be the arc length of it.

e Choose arbitrary sampling point P/ (x;, y;., z;.) on the k'™ arc.

Then AMy = f(xr, i, 2;) Ask.

* Therefore, the mass M of the entire wire is approximately given by
n
M=y fxg, ¥ 20 Ask.
k=1

Definition 28.1 (Line integral).
If C is a smooth curve, then theline integral of f with respect to s along C is

n
yds= i LYDA
/Cf(x y)ds maxlAIgcﬁokglf(Xk yk) o

or
n

/Cf(x,y,z)dszmailAm YOG, yE ) Asy

k=01

provided this limit exists and does not depend on the choice of partition or on the choice
of sampling points.

We define an integral that is similar to a single integral except that, instead of in-
tegrating over an interval [a, b], we integrate over a curve C. Such integrals are called
line integrals. Line integrals have numerous applications in fluid flow, electricity,
magnetism and medical imaging.
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28.1.1 Interpretations

The line integrals can be interpreted as follows

* If f(x,y,z) is the density of a thin wire (represented by) C. Then / fx,y,2)ds
is the mass of the entire wire. ¢
If Cis a curve in the xy—plane and f(x, y) is non-negative continuous function
defined on C, then [ f(x,y)ds can be interpreted as the area A of the sheet

C
that is swept out by a vertical line segment that extends upward from the point
(x,y) to a height of f(x, y) and moves along C from one end point to the other
i.e

A= Jim S paipas= [ s
C

maxAsg—0 k=1

Figure 28.3: Physical interpretations of line integrals.

28.2 Arc length
We start with a plane curve C given by the parametric equations
x=x(t), y=yt), ast<bh.

The direction in which the graph of a pair of parametric equation is traced as the
parameter increases is called the orientation imposed on the curve by the equations.

There is a difference between a curve (set of points) and a parametric curve (a
curve with an orientation imposed on it by a set of parametric equations).

Definition 28.2 (Arc length for a parametric curve).
If no segment of the curve represented by the parametric equations

x=x(t), y=y), ast<b
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dh%
-

x = cos(={), y = sin(=1)
(0<r<2m)

Figure 28.4: Orientation imposed on it by a set of parametric equations.

. . Ldx d .
is traced more than once as t increases from a to a, and if T and d_J; are continuous

functions for a < t < b then the arc length L of the curve is given by

Example 28.1. The circumference of the circle parameterized by
x=acos y=sint

is given by

dy 2 27 27
+ E) dt= \/(—asint)2+(acost)2dt:/ adt=2na.
0 0

Definition 28.3 (Arc length for a polar curve).
If no segment of the polar curve r = f(0) is traced more than once as 0 increases from

d
a to B, and ifd—g is continuous functions for a0p then the arc length L from 0 = « to

0=pis
i B er
— 2 ! 2 — 2 -
L /a\/|f(e)| +1f'0)12d6 /a\/r+(d9) do

Example 28.2. Find the arc length of the spiral r = e between 0 =0 and 6 = n.

Solution.
B dr 2 b4 b4
L:/ 2+ E) dH:/ \/(@9)2+(e9)2d6:/ v2e2do = v2(e" - 1).
a 0 0

A curve C with parametric equations

x=x(), y=y®
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in xy—plane can be given by the vector equation
r()=xOi+y@)].

Then, the arc length is given by

b b
L= Ir'(t)ldt=/ \/ X (5 + Y (1)?dt.
/ll a y

Similarly, a curve C in 3D with parametric equations
x=x(), y=y), z=2z(1)
can be given by the vector equation
r()=x@)i+y)]+z(Ok.

We assume that C is a smooth curve, informally, means that, r is differentiable, r’ is
continuous and 7' () # 0.

28.3 Evaluating line integrals

We have already defined the line integrals. However, the definition is not sufficient
enough to practically evaluate those line integrals. In this section, we try find out
practical way to evaluate line integrals. W proceed as follows.

Let C be a smooth curve in xy—plane given by the vector equation

r()=xOi+y)].

¢ Divide the parameter interval [a, b] into n sub-intervals [#;_1, ;] of equal width.

Figure 28.5: Partitioning of a parametric curve.

e Welet x; = x(¢;) and y; = y(&;).

* Then, the corresponding points P;(x;, y;) divide C into n sub-arcs with lengths
Asl! AS2) e ,Asn
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* From the previous section,

19
Ask=/ \/(x’(t))2+(y’(t))2df-
Tk-1

* Recall from mean value theorem for integrals that as r(¢) is smooth, there exists
f; € [fx-1, x] such that

Iy
Asi =/ V@R + 0)2de = A [ (1) + (7 (1))2
k-1

Figure 28.6: Sub-arcs and theire arc-lenghts.

e Let x,*c‘ = x(tl’c‘) and yZ = y(t,’;).

* Since the parametrization of C is smooth As; — 0 if and only if At — 0

n
/Cf(x, yds ma}}gﬁﬁoglf(xk'ykmsk

maxAs;—

lim . > f(x(t;;),y(tZ))Atk\/(x'(tZ))Z + (' ()2
k=1

lim . > f(x(t;),y(t;))Atk\/(x/(t;))z + (' ()2
k=1

maxAtc—

b
/ f(x(t),y(t))\/(x’(t))z +(y'(n)2dt.

Theorem 28.4. Ifa curve C in2D can be parameterized by equations
x=x(t), y=y{), ast=<b,

then

b
/f(x,y)ds=/ f(x(t),y(t))\/(x’(t))2+(y’(t))zdt
C a
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Similarly, if a curve C in 3D can be parameterized by equations
x=x(t), y=y), z=2z(t) ast<bh,

then

b
/ fxy,2ds = / FE, (0, 20 (& (02 + (7 ()2 + (= (1)?d ¢
C a
Example 28.3. Evaluate the line integral/ (xy+2%)ds from (1,0,0) to (-1,0,7) along
C
the helix C that is represented by the parametric equations

x=cost, y=sint, z=t 0<t=<m.

(=1,0,m ¢

0

7
(1,0,0)
1]

1 X

Figure 28.7: The helix C with parametric equations x = cost,y =sint, z=t,0< t <.

Solution.

/(xy+ zz)ds
C

b1 2 2 2
[ (costsmms)w%) () () e

/ (costsint+ ts)\/(— sin )% + (cos )2 + (1)2dt
0

/A

\/5/ (costsint+ 3)dt
0

n_\/leA

0 4

sin’t t*
+ —_
2 4

V2

O

Example 28.4. Find the area of the surface extending upward from the circle x*+y* = 1
in the xy—plane to the parabolic cylinder z =1 — x?.

Solution. It follows that the area A of the surface can be expressed as the line integral

A:/(l—xz)ds
C
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2+ =1

\ -

2

Figure 28.8: Area of the surface extending upward from the circle x> + y> = 1 to the
parabolic cylinder z =1 — x?

where C is the circle x? + y? = 1. This circle can be parametrized in terms of arc length
as
x=coss, y=sins, 0<x=2m.

2r
/(l—xz)ds:/ (1-cos®s)ds
c 0

27 1 27
/ sinzsdsz—/ (1-cos2s)ds=n
0 2 Jo

Thus,

b
Il

O

Remark 28.5. The value of the line integral does not depend on the parameterization
of the curve provided the curve is traversed exactly once as t increases from a to b.

When C is the line segment that joins (a,0) to (b,0), using x as the parameter, we
can write the parametric equations of Cas:

x=x, y=0, asx<bh.

In this case, the line integral reduces to an ordinary single integral, i.e.

b
/f(x,y)dsz/ f(x,0)dx.
C a

28.3.1 Line integral along piecewise smooth curves

Definition 28.6 (Piecewise smooth curve).
Let C be a union of a finite number of smooth curves Cy,Cs,---,Cy, where the initial
point of Ci1 is the terminal point of C;. Then C is a called piecewise smooth curve.

Then, we define the line integral of f along C as the sum of the integrals of f along
each of the smooth pieces of C, that is,

/f(x,y,z)dsz f,y2dds+ | fx,y,2)ds+---+ | [f(x,),2ds
C o) o} Cn
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Figure 28.9: A piecewise smooth curve.

Example 28.5. Evaluate / 2xds where C consists of the arc Cy of the parabola y = x*
C
from (0,0) to (1,1) followed by the vertical line segment C, from (1,1) to (1,2).

.\I

(0,0) X

Figure 28.10: The piecewise smooth curve C = Cy + C,.

Solution. Since C; is the graph of a function of x, we can choose x as the parameter.
Then, the equations for C; become:

X=X, y=x2, O=sx=<1.

/Zx\/ Zi dx = /2x\/1+4x2dx

——(1+4 )3’2|
0

/ 2xdx
G

6

On C,, we choose y as the parameter. So, the equations of C, are:

Therefore

2 dx 2 dy 2 2
2xds=/ 2(1) (—) +(—) d :/ 2dy =2.
/c 1 dy dy Y 1 Y
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Thus,

5v5—-1
/2xds=/ 2xds+/ 2xds = v5 +2.
c a G 6

28.4 Line integrals with respect to x,y,z

Definition 28.7. We have second type of line integral in which we replace the ds in the
integral by dx, dy or dz. Suppose f is a function defined on a smooth curve C in the
xy—plane and that partition points of C are denoted by Py (xi, yx). Letting

AXp =X —Xgp—1 and AYi=Yi— Vi-1

we would like to define

/C fopde= i fOg A and /C Fapdy=lim | FOE VDAY,

Unlike Asy, the values of Axy and Ayy change sign if the order of the partition
points along C is reversed.

In order to define the line integrals using dx or dy, we must restrict ourselves to
oriented curves C and to partitions of C in which the partition points are ordered in the
direction of the curve.

With this restriction, if the limits exist and do not depend on the choice of partition
or sampling points, then we refer them as the line integrals of f with respect to x and y
along C.

28.4.1 Evaluating line integrals with respect to x,y, and z

The following formulas say that line integrals with respect to x and y can also be eval-
uated by expressing everything in terms of ¢:

x=x(), y=y@),= dx=x'(ndt, dy=y'(ndr.

Therefore,
b
/f(x,y)dx=/ fx@,y(0)x'(ndt
C a

and )
/f(x,y)dyz/ fx@,y®)y' de
C a

Sometimes we write

/P(x,y)dx+/Q(x,y)dyz/P(x,y)dx+Q(x,y)dy.
c c c
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=

1

Figure 28.11: circular arc C give by x =cost, y =sint where0 < t < /2.

Example 28.6. Evaluate/ 2xydx + (x* + y*)dy along the circular arc C give by
C

x=cost, y=sint 0=st=mn/2.

Solution. We have

/nydx
c

d
%(cos 1| dt

/2
/ (2costsint)
0

/2 2
—2/ sin® tcos tdt = -3 sin® ¢
0

wi2 2
0 3

dat

/2
[y ot o
(cos“t+sin“t) | —(sin )
0 dt

/2 2
—2/ costdt=——sint
0 3

/(x2 +y2)dy
c

/2
=1.

0

Thus,

2 1
/2xydx+(x2+y2)dy=/2xydx+/(x2+y2)dy=——+1=—
c c c 3 3

Theorem 28.8 (Properties of line integrals).

1./ f(x,y)dxz—/f(xyy)dx

-C C

2. / g(x,y)dyz—/g(x,y)dy
-C C

3./ f(x,y)ds:—/f(x,y)ds
-C C
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A

Figure 28.12: Oriented curves

4. /f(x,y)dx+g(x,y)dy=/f(x,y)dx+/g(x,y)dy
C C C

5./ f(x,y)dx+g(x,y)dy=—/f(x,y)dx+g(x,y)dy
-C C
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